By similar methods of Iwaniec and Nolder (Hardy-Littlewood inequality for quasiregular mappings in certain domains in R" , Ann. Acad. Sci. Fenn. Ser. A I Math. 10 (1985)), we obtain weighted Sobolev inequalities on domains satisfying the Boman chain condition.
Introduction
Recently there has been quite a number of papers discussing Poincare domains, i.e., domains on which the Poincare inequality holds. (See, e.g., Bojarski [1] , Hurri [9] , Staples [17] , and Smith and Stegenga [16] .) Moreover, Iwaniec and Nolder [11] studied the ^-weighted Poincare inequality on domains satisfying the Boman chain condition. Definition 1.1 [11] . An open set Q in R" is said to be a member of &~(o, N), Q > 1, iV > 1, if there exists a covering W of Q. consisting of open cubes such that:
(i) Yq^wXoq{x)<Nxc1(x) VxeR". (ii) There is a 'central cube' Qo£W that can be connected with every cube Q £ W by a finite chain of cubes Qo, Qi, ■■■, Qk(Q) = Q from W such that Q c NQj for j = 0, 1, ... , k(Q). Moreover, Qj n QJ+X contains a cube Rj such that Qj U Qj+X c NRj.
We say that Q satisfies the Boman chain condition if Q e ^(a, N) for some N, a > 1. There are many types of domains satisfying the Boman chain condition, for example, balls, cubes, and John domains (see [11] ). Moreover, it is easy to check that bounded (e, oo) domains (see [13] or [3] for the definition) satisfy the Boman chain condition. Hence so do bounded Lipschitz domains.
The following is a consequence of [11, Theorem 3], Theorem 1.2. Let a ,N > I, 0 < p < oo, ile fF(o, N), w £ Aq (Muckenhoupt Ap classes [12] ) for some q > 1, and let f and g be measurable functions defined on Q. Suppose that for each cube Q with oQ c Q there exists a constant a(f, Q) such that
with Co independent of Q. Then there exists a constant a(f, Q) such that
where C depends only on n, p, w , a, N, and Co ■ However, (1.3) holds for w £ Ap (Muckenhoupt Ap classes [12] ), g -\Vf\,
and a = 1 with C0 = Cl(Q) (see [8, 3, 6] ). But the l(Q) are clearly bounded for Q c Q, when Q £ 0?(a ,N). It follows that the ^-weighted Poincare inequality holds on domains satisfying the Boman chain condition. Indeed, (1.3) holds for a larger class of weights with g -|V/| (see [2] or [3] ), and hence we can try to extend the previous argument to it. Checking through the arguments of [11] , we find that the following theorem holds. (1-7) \\f-P(f,ttl\\iua)<CA\\g\\ma)
where C depends only on n, q, w, a, k, and N.
Indeed, Bojarski [1] stated an unweighted version of the preceding theorem. We will modify his technique and those of [11] to prove his result and the theorem. (b) \\f-a(f,Q)\\Li{Q)<Cl(Qr\\g\\L,{Q) for some constant a(f,Q) for all cubes Q in R" .
In the case g = |V/|, p = q, v = w , and a = 1, one can prove the above by extension as in [3] . However, that is much more complicated.
(ii) For more applications, see Remark 2.9 and Theorem 2.14.
Proof of the main result
In this section, C denotes various positive constants and C(a,/?,...) denotes such constants depending only on a, ji, ... . These constants may differ even in the same string of estimates. By a weight w , we mean a nonnegative locally integrable function on R" . By abusing notation, we will alsowrite w for the measure induced by w . Sometimes we write dw to denote w dx . We say w is doubling if w(2Q) < Cw(Q) for every cube Q, where 2Q denotes the cube with the same center as Q and twice its edge length.
First we will prove a simple fact. Although the proof is quite simple, the author failed to present it previously in [3, 4] . This will greatly simplify many details in those papers. For example, the Poincare type inequality on the union of two touching Whitney cubes can now be replaced by the Poincare type inequality on cubes. However, Theorem 2.1 is just a special case of Theorem 1.5.
Theorem 2.1. Let f and g be measurable functions on R", and let v be a weight and w a doubling weight. Also, let 1 < p < q < oo. Suppose that for each cube Q, there exists a constant a(f, Q) such that (2.2) ll/-fl(/,G)llu(e)<^(G)ll*ll««2)
with A independent of Q. Then
for all touching cubes Qx, Q2 (i.e., a face of one cube is contained in a face of the other). Here C depends only on max(l(Qx)/l(Q2), l(Q2)/l(Qx)), w,q, and the dimension n.
Proof. Let L = max(/(<2,)/l(Q2), l(Qi)/l(Qi)) and let Q3 c Qx u Q2 such that IG3 n Qt\ > {L-"\Qi\ for /=1,2. Then there exists a constant a(f, Qx U Q2)
such that
This concludes the proof of the theorem, d
Next we will give a proof of the main theorem. First let us define the HardyLittlewood maximal function with respect to a doubling weight w . (ii) Let Q £ ^(o, N). We can also cover it by open balls that satisfy similar chain conditions. Moreover, we can prove by a similar method that Theorem 1.5 holds if we assume that (1.6) holds for all balls (instead of cubes) in Q.
(iii) Let fi c ^(a, N) for some a, N > 1 and M c dfi (the boundary of Q). Suppose w(x) = dist(x, M) = infy6A/ |x -y\. Let W be a covering of Q that satisfies the chain condition. Let a £ R. Then it is clear that if 1 <P < Q < oo , (2.10) Wf-fQ^\\LUQ) ^ Cim\Vf\\LUQ) (fQ,w» = ~Q)JQfdwâ nd, indeed, when 1 -(n/p -n/q) > 0, (2.11) 11/-/c,^ll^(e) < C/(G)1-("/p-"/<')dist(f2, M)^-^||v/||^ (0) for / £ Liploc(R") and Q £ W with C depending only on o, N, n, p, a, fi , and q . These estimates can be obtained easily by the fact that w is comparable to dist((2, M) on Q and the unweighted Poincare type estimate.
We can now apply (i) to conclude that when wa is doubling, (2.12) Wf-fn,w4L>V) ^ CsupdistO, M)*||V/||L, (J1) provided 8 = 1-(l/p -l/q)n + a/q -ft/p > 0 and 1 -(n/p -n/q) > 0 with C depending only on a, N, n, p, a, B , and q . In particular, when M = dCl where fi is a John domain and p = q, we obtain the weighted Poincare type estimate as in [10] when wa is doubling. Sawyer and Wheeden proved a theorem on the weighted Sobolev inequality; let us state a part of it. We will now apply Theorem 1.5 and show that indeed we need only take the supremum over cubes in Qo when /g0, «i = 0. for some r > 1. We can now obtain the conclusion by repeating the above arguments. □
